
Mathemati
s 101 Problem Set 1 Solutions

1(a) Show from First prin
iples that any 
onstant fun
tion f(x) = C satis�es

f ′(x) = 0 (meaning that f ′(x) is the zero fun
tion).

(b) Find ne
essary and su�
ient 
onditions on a, b, c, and d to ensure that

f(x) =
ax+ b

cx+ d

is a 
onstant fun
tion.

(
) By polynomial division show that

f(x) =
a

c
+

bc− ad

c(cx+ d)

and hen
e draw the same 
on
lusion as in (b). What is

lim
x→∞

ax+ b

cx+ d
?

(d) Find the equation of the inverse fun
tion f−1(x), where f(x) is as in

1(b).

Solution (a)

f ′(x) = lim
h→0

f(x+ h)− f(x)

h
= lim

h→0

C − C

h
= lim

h→0
(0) = 0.

(b) f(x) will be 
onstant if and only if f ′(x) = 0, whi
h is to say, using the

Quotient rule of di�erentiation:

a(cx+ d)− c(ax+ b)

(cx + d)2
≡ 0 ⇔ ad− bc

(cx+ d)2
≡ 0 ⇔ ad = bc.

Comment : the symbol ≡ here means `is identi
ally equal to'. This empha-

sises that f(x) = 0 for all values of x, distinguishing it from an equality in an

equation su
h as 2x+ 3 = 8, whi
h is true only for some values of x.

(
) The �rst line in the division gives the quotient of

c
a
and then by subtra
-

tion we obtain:

f(x) =
c

a
+

bc− ad

c(cx+ d)
.

1



Written in this form we see that f(x) is 
onstant if and only if ad − bc = 0, in
whi
h 
ase f(x) ≡ c

a
for all x. We should 
he
k what happens if a = 0. In that


ase f(x) = b
cx+d

and then ad = 0 implies bc = 0, when
e either b = 0 (in whi
h


ase f(x) ≡ 0) or c = 0, in whi
h 
ase f(x) ≡ b
d
. Also

lim
x→∞

ax+ b

cx+ d
= lim

x→∞

a+ b
x

c+ d
x

=
a+ 0

c+ 0
=

a

c
.

(d) To �nd the rule for the inverse fun
tion, we solve y = f(x) for x, whi
h
in this 
ase gives:

y(cx+ d) = ax+ b ⇔ x(a− cy) = dy − b ⇒ x =
dy − b

a− cy
.

∴ f−1(x) =
dx− b

a− cx
.

2(a) Find a fun
tion f(x) su
h that:

f(2x+ 3) = x2 + 1.

[Hint: we have an equation of the form f(g(x)) = h(x) and we want f(x),
so repla
e x by g−1(x) as then we get f(x) = h(g−1(x)).℄

(b) Find a linear fun
tion f(x) = ax+ b su
h that f(f(x)) = 2x+ 1.

Solution (a) Taking the hint, we note that here g(x) is the fun
tion y =
2x+3. Inverting gives x = y−3

2 so that g−1(x) = 1
2x− 3

2 . We then repla
e x by

g−1(x) in f(2x+ 3) and this gives:

f(x) = (
1

2
x− 3

2
)2 + 1 =

1

4
x2 − 3

2
x+

9

4
+ 1

∴ f(x) =
1

4
x2 − 3

2
x+

13

4
.

Che
k:

f(2x+ 3) =
1

4
(2x+ 3)2 − 3

2
(2x+ 3) +

13

4

= x2 + 3x+
9

4
− 3x− 9

2
+

13

4
= x2 + 1.

(b)

f(f(x)) = a(ax+ b) + b = 2x+ 1

⇒ a2x+ b(1 + a) = 1.

Equating 
oe�
ients gives a2 = 2 so that a = ±
√
2. Then

b =
1

1 + a
=

1

1±
√
2
=

1∓
√
2

(1±
√
2)(1 ∓

√
2)

=
1∓

√
2

1− 2
= ±

√
2− 1.
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∴ f(x) =
√
2x+

√
2− 1 or f(x) = −

√
2x− (

√
2 + 1).

Che
k: (2nd solution)

f(f(x)) = −
√
2(−

√
2x−

√
2− 1)−

√
2− 1 = 2x+ 2 +

√
2−

√
2− 1 = 2x+ 1.

3. Find from First Prin
iples the derivatives of the fun
tions with the fol-

lowing rules:

(a) 2x+ 1; (b) 1− x2
; (
)

1
1+x

.

Solutions (a) Let f(x) = 2x+ 1. Then

f ′(a) = lim
h→0

2(a+ h) + 1− (2a+ 1)

h
= lim

h→0

2a+ 2h+ 1− 2a− 1

h
= lim

h→0

2h

h
= lim

h→0
2 = 2.

∴ f ′(x) ≡ 2.

(b)

f ′(a) = lim
h→0

(1− (a+ h)2)− (1− a2)

h
= lim

h→0

1− a2 − 2ah− h2 − 1 + a2

h
= lim

h→0

−2ah− h2

h

= − lim
h→0

(2a+ h) = −2a.

∴ f ′(x) = −2x.

(
)

f ′(a) = lim
h→0

1
1+a+h

− 1
1+a

h
= lim

h→0

1 + a− 1− a− h

h(1 + a)(1 + a+ h)
= − lim

h→0

1

(1 + a)(1 + a+ h)
= − 1

(1+a)2
.

∴ f ′(x) = − 1

(1 + x)2
.

4. Find the equations of the two tangents to the 
urve y = x2
that pass

through the point (2, 0).

Ea
h tangent line L has an equation of the form y − y0 = m(x− x0), where
(x0, y0) is an point on the line. Sin
e L passes through (2, 0) we thus have

y − 0 = y = m(x − 2). Also L, sin
e it is a tangent, tou
hes the 
urve at some

point P (a, a2). The slope m of L mat
hes the gradient of the 
urve at P , so

that m = 2a, and also, sin
e the tangent passes through P , a2 = m(a−2). This
gives a2 = 2a(a− 2), so either a = 0 or

a = 2(a− 2) ⇒ a = 2a− 4 ⇒ a = 4.

Therefore L is given by either y = 0 (the x-axis) or

y = 8(x− 2) ⇔ y = 8x− 16.
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5. Find the derivative of the 
osine fun
tion from First Prin
iples.

Solution

f ′(a) = lim
h→0

cos(a+ h)− cos a

h
= lim

h→0

cos a cosh− sina sinh− cos a

h
= lim

h→0

cos a(cosh− 1)− sin a sinh

h

= cos a lim
h→0

cosh− 1

h
− sina lim

h→0

sinh

h
= (cos a)(0)− sin a(1) = − sina.

Alternatively,

f ′(a) = lim
h→0

cos(a+ h)− cos a

h
= lim

h→0

−2 sin(a+ h
2 ) sin

h
2

h

= − lim
h→0

sin h
2

h/2
· lim
h→0

sin(a+
h

2
) = −1 · sina = − sina.

∴ f ′(x) = − sinx.

6. Prove that f(x) = cx+ d (c, d ∈ R, c 6= 0) is 
ontinuous by taking δ = ǫ
|c|

in the de�nition of 
ontinuity.

Solution Suppose |x− a| < δ = ǫ
|c| . Then

|f(x+ a)− f(x)| = |c(x + a) + d− (cx+ d)| = |cx+ ca+ d− cx− d|

= |c(a− x)| = |c| · |x− a| < |c| · ε

|c| = ε,

as required to show that f(x) = cx+ d is 
ontinuous everywhere.

7. Solve the following inequalities:

(a)

x−1
1−3x > 7; (b) |3x− 4| ≤ 20; (
) | − 2(1− 5x)| > 8.

Solutions

(a)

x− 1

1− 3x
> 7 ⇒ (x− 1)(1− 3x) > 7(1− 3x)2 ⇔ (1− 3x)

(

(x− 1)− 7(1− 3x)
)

> 0

(1− 3x)
(

x− 1− 7 + 21x) > 0 ⇔ (1 − 3x)(22x− 8) > 0

⇔ (3x− 1)(11x− 4) < 0.

The quadrati
 on the left has roots x = 1
3 and x = 4

11 > 1
3 . Hen
e the inequality

is satis�ed stri
tly between these roots, that is

1

3
< x <

4

11
.
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(b) We re-write |3x− 4| ≤ 20 as

−20 ≤ 3x− 4 ≤ 20

⇔ −16 ≤ 3x ≤ 24

−16

3
≤ x ≤ 8.

(
)

| − 2(1− 5x)| = |2(5x− 1)| = |2| · |5x− 1| = 2|5x− 1| > 8 ⇔ |5x− 1| > 4

⇔ 5x− 1 < −4 or 5x− 1 > 4

⇔ 5x < −3 or 5x > 5

⇔ x < −3

5
or x > 1.

8. Given that |x − 2| ≤ 3 and |y + 2| < 1, what is the set of all possible

values of 2x+ 3y?

Solution

|x− 2| ≤ 3 ⇔ −3 ≤ x− 2 ≤ 3 ⇔ −1 ≤ x ≤ 5 ⇔ −2 ≤ 2x ≤ 10;

|y + 2| < 1 ⇔ −1 < y + 2 < 1 ⇔ −3 < y < −1 ⇔ −9 < 3y < −3.

∴ −11 < 2x+ 3y < 7.

9. Find all values of x su
h that

|x|+ | − 5x| = 10.

Solution

|x|+ | − 5x| = |x|+ | − 5| · |x| = |x|+ 5|x| = 6|x| = 10

⇒ |x| = 10

6
=

5

3

∴ x = ±5

3
.

10. Solve

|2x+ 1| = 1 + |1− 3x|.
Solution

2x+ 1 = ±(1 + |3x− 1|)

⇔ (x ≥ 1

3
& 2x+1 = ±(1+3x−1) = ±3x or x ≤ 1

3
& 2x+ 1 = ±(1− 3x+ 1) = ±(2− 3x)|

⇔ (x ≥ 1

3
& (x = 1 or x = −1

5
)) or (x ≤ 1

3
& (x =

1

5
or x = 3)

⇔ x = 1 or x =
1

5
.
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